Abstract. We propose the notion of Haantjes algebra, which consists of an assignment of a family of fields of operators over a differentiable manifold, with vanishing Haantjes torsion and satisfying suitable compatibility conditions among each others. Haantjes algebras naturally generalize several known interesting geometric structures, arising in Riemannian geometry and in the theory of integrable systems. At the same time, they play a crucial role in the theory of diagonalization of operators on differentiable manifolds. Whenever the elements of an Haantjes algebra are semisimple and commute, we shall prove that there exists a set of local coordinates where all operators can be diagonalized simultaneously. Moreover, in the non-semisimple case, they acquire simultaneously a block-diagonal form.
Introduction
The purpose of this paper is to introduce a new geometric-algebraic structure, that we shall call Haantjes algebra, based on the notion of Haantjes torsion. This notion was introduced in 1955 by J. Haantjes in [13] , and represents a natural generalization of the torsion defined by Nijenhuis in [20] . Although the theory of tensors with vanishing Nijenhuis torsion has been intensively investigated in the last forty years, mainly due to its applications in the theory of integrable systems and separation of variables (where they are usually called recursion operators), quite surprisingly the relevance of Haantjes's differential-geometric work has not been recognized for a long time, with the exception of some notable applications to Hamiltonian systems of hydrodynamic type [6, 9] . For a nice review of classical and more recent results about the theory of Nijenhuis and Haantjes tensors, see [14] .
Our work is inspired, from one side, by the notion of Haantjes manifolds proposed in [16, 17] , from the other side by the concept of symplectic-Haantjes manifold or ωH manifold that we have recently introduced in [22] in connection with the theory of classical integrable systems. Indeed, ω represents a symplectic two-form; besides, the ωH structure provides us with a natural theoretical framework for dealing with the integrability and separability properties of mechanical systems, and represents a formulation that parallels and in some aspects completes the one offered by the Nijenhuis geometry.
In this article, we will extend the previous constructions by proposing a very general and abstract setting. The resulting geometric-algebraic structure will be called Haantjes algebra. It consists essentially of a differentiable manifold M endowed with a family of endomorphisms of the tangent bundle with vanishing Haantjes torsions and compatible among each others. The existence of an underlying symplectic structure is no longer required.
From one hand, this simple geometric structure is a flexible tool that in principle can be specialized to treat many different interesting constructions in a natural and unified language. Needless to say, Magri's Haantjes manifolds are a specially relevant instance of Haantjes algebras. Another important class of Haantjes algebras is represented by the Killing-Stäckel algebras introduced in [3] over a n dimensional Riemannian manifold, in order to characterize separation of variables in classical Hamiltonian systems.
From the other hand, our main motivation, apart the intrinsic interest of a geometric structure combining the Haantjes geometry with that of symplectic (or Riemannian) manifolds, is the abstract problem of diagonalization of operators on a differentiable manifold. Indeed, we shall prove that the algebras of Haantjes fields of operators introduced below can be diagonalized simultaneously in an appropriate local coordinate system, that we shall call a Haantjes chart. Note that no hermiticity assumption is made on our operators: we only require that they are point-wise diagonalizable and that their Haantjes torsion vanishes. Being the latter a fourthdegree requirement in such operators (see formula (4) below), it is easy to ascertain that a very large class of tensor fields do satisfy it.
Our statement concerning diagonalization, proved in Theorem 39, is the following Main Result. Given a semisimple Abelian Haantjes algebra (M, H ), there exists a set of local coordinates in which every K ∈ H can be simultaneously diagonalized. Conversely, let (K 1 , . . . , K m ) be a set of m linearly independent fields of operators. If they share a set of local coordinates in which they take simultaneously a diagonal form, then they generate a semisimple Abelian Haantjes algebra of rank m.
The previous result can also be extended to the very general but largely unexplored case of non-semisimple Haantjes operators. Indeed, for this class we shall prove that there exists a local coordinate system where all the operators of a Haantjes algebra acquire simultaneously a quasi-diagonal (i.e. block-diagonal) form.
We also wish to mention that in this article a new, infinite "tower" of generalized Nijenhuis torsions of level n for all n ∈ N is also defined. The geometrical meaning of our notion, which naturally generalizes both the classical Nijenhuis and Haantjes torsions, deserves to be further investigated and will be discussed in detail elsewhere.
The paper is organized as follows. After a discussion, proposed in Section 2, of the main algebraic structures needed in this work, including the generalized torsions, we shall present in Section 3 a brief introduction to the Nijenhuis and Haantjes geometries. In Section 4, the formal construction of a Haantjes algebra is proposed; the main result of the theory and other relevant properties of our Haantjes algebras are also proved. In Section 5, we present some examples illustrating the main theorems, the theory of cyclic generators of semisimple Haantjes algebras and the case of non-semisimple Haantjes operators. A comparison with other related geometric structures is proposed in the final Section 6.
Nijenhuis and Haantjes operators
The natural frames of vector fields associated with local coordinates on a differentiable manifold, being obviously integrable, can be characterized in a tensorial manner as eigen-distributions of a suitable class of (1, 1) tensor fields, i.e. the ones with vanishing Nijenhuis or Haantjes torsion. In this section, we review some basic algebraic results concerning the theory of such tensors. For a more complete treatment, see the original papers [13, 20] and the related ones [21, 10] .
Let M be a real differentiable manifold and L : T M → T M be a (1, 1) tensor field, i.e., a field of linear operators on the tangent space at each point of M . Definition 1. The Nijenhuis torsion of L is the skew-symmetric (1, 2) tensor field defined by
where X, Y ∈ T M and [ , ] denotes the commutator of two vector fields.
In local coordinates x = (x 1 , . . . , x n ), the Nijenhuis torsion can be written in the form
Definition 2. The Haantjes torsion associated with L is the (1, 2) tensor field defined by
Explicitly one can also write [14] 
The skew-symmetry of the Nijenhuis torsion implies that the Haantjes torsion is also skew-symmetric. Its local expression is
Here for the sake of brevity we have used the notation ∂ j := ∂ ∂x j and the indices between square brackets are to be skew-symmetrized, except those in | · |.
The notion of Haantjes torsion can be easily generalized by means of a recursive procedure. Indeed, one can introduce a "tower " of generalized torsions of Nijenhuis type.
Definition 3. We define the generalized Nijenhuis torsion of level n as the (1,2)-tensor field given by
The expression of the n-th level torsion in local coordinates is given by (8) 
We stress that the notion of n-th order generalized Nijenhuis torsion was proposed in a completely independent way also in [14] . In that algebraic construction, one considers generalized torsions of order n associated more generally to an arbitrary vector-valued skew symmetric bilinear map on a real vector space. In our geometric approach, which is a recursive one, we work on a tangent bundle and fix the initial condition of the recurrence with the standard choice of the Lie bracket between vector fields.
We shall first consider some specific cases, in which the construction of the Nijenhuis and Haantjes torsions will be particularly simple.
Example 4. Let L be a field of operators that takes a diagonal form
in some local chart x = (x 1 , . . . , x n ). Its Nijenhuis torsion is given by
It is evident that (T L ) i jk = 0 if i, j and k are distinct or if j = k. Thus, we can limit ourselves to analyze the n(n − 1) components
. Therefore, we can state the following Lemma 5. Let L be the diagonal field of operators (9) , and suppose that its Nijenhuis torsion vanishes. Let us denote with (i 1 , . . . , i j , . . . , i r ), r ≤ n an ordered subset of (1, 2, . . . , n). If the j-th eigenvalue of L depends on the variables (i 1 , . . . , i j , . . . , i r ), then
From the other side, apart when each eigenvalue is constant, we can distinguish several cases, ensuring that the Nijenhuis torsion of a diagonal operator vanishes.
. . , n ⇒ 1 eigenvalue of multiplicity n represent the extreme cases. An exhaustive analysis of all intermediate possibilities is left to the reader.
Example 6. Let dim M = 2. Then, it easy to prove by a straightforward computation that the Haantjes torsion of any field of smooth operators vanishes.
Example 7. Let L be the diagonal operator of Example 4. Its Haantjes torsion reads For subsequent purposes, we recall that the transposed operator L T : T * M → T * M is defined as the transposed linear map of L with respect to the natural pairing between a vector space and its dual space
The torsionless condition of a Nijenhuis operator N can be written in the following equivalent manner [11] , through the Lie derivative along the flow of any vector field
Analogously, the vanishing of the Haantjes torsion (3) of a field of operators L is equivalent to the following condition
Lemma 10. Jacobi Formula. Let L : T M → T M a field of operators. For any vector field X ∈ T M , holds true that
where Cof (L) the cofactor operator and T race the trace of an operator.
A nice intrinsic proof can be found in the textbook [25] .
Proposition 11. [7] Let N : T M → T M a Nijenhuis operator. It holds true that
Proof. If det N = 0, the thesis is obvious. Assume that det N = 0. Then, substituting Cof (N ) = det(N )N −1 and X = N Y in the Jacobi formula (16), one gets
where the torsionless condition (14) and the fact that T race commutes with the Lie derivative have been used.
It is well known (see for instance [11] ) that given an invertible Nijenhuis operator , its inverse is also a Nijenhuis operator. The same holds true for a Haantjes operator. Proposition 12. [4] . Let L be a Haantjes operator in M . If L −1 exists, it is also a Haantjes operator.
Proof. Its a consequence of the following identity that can be easily recovered by Eq. (4)
For an alternative proof, see Proposition 2, p. 257 of [4] .
The product of a Nijenhuis operator with a generic function is no longer a Nijenhuis operator, as is proved by the following identity (19)
where X(f ) denotes the Lie derivative of an arbitrary function f ∈ C ∞ (M ) with respect to the vector field X. Instead, the differential and algebraic properties of a Haantjes operator are much richer, as follows from these remarkable results.
Proposition 13. [4] . Let L be a field of operators. The following identity holds
where f, g : M → R are C ∞ (M ) functions, and I denotes the identity operator in T M .
Proof. See Proposition 1, p. 255 of [4] . Proposition 14. [5] . Let L be a Haantjes operator in M . Then for any polynomial in L with coefficients a j ∈ C ∞ (M ), the associated Haantjes torsion vanishes, i.e.
Proof. See Corollary 3.3, p. 1136 of [5] .
Propositions 13 and 14 imply that a single Haantjes operator generates an algebra of Haantjes operators over the ring of smooth functions on M . This is not the case for a Nijenhuis operator N since a polynomial in N with coefficients a j ∈ C ∞ (M ), it is not necessarily a Nijenhuis operator.
Let us introduce an interesting example of Nijenhuis and Haantjes operators drawn from the realm of Rational Mechanics.
Example 15. Let M = {(P γ , m γ ) ∈ (E n , R)} be a finite system of mass points (possibly with m γ < 0) in the n-dimensional affine Euclidean space E n . Let us consider the (1, 1) tensor field defined by
called the planar inertia tensor (or Euler tensor in Continuum Mechanics), and the inertia tensor field, given by
They are related by the formulas
where I n is the identity operator in E n . Both of them are symmetric w.r.t. the Euclidean scalar product, so that they are diagonalizable at any point of E n . Furthermore, by virtue of (24) they commute; consequently, they can be simultaneously diagonalized.
If G is the center of mass of M, defined by
the following Huygens-Steiner transposition formulas hold
From eqs. (25) and (26) it follows that in the Cartesian coordinates (x 1 , . . . , x n ) with origin in G, defined by the common eigen-directions of E G and I G , we have
Here x α = δ αβ x β , and λ i (G) and l j (G) denote the eigenvalues of the tensor fields E and I respectively, both evaluated at the point G. In [1, 2] it has been proved that the Nijenhuis torsion of E vanishes
thus its Haantjes torsion also vanishes. Furthermore, we observe that the torsion of I reads
i.e. it is not identically zero, although its Haantjes torsion vanishes as a consequence of the identity (20) , applied to the relation (24).
Other relevant examples of Haantjes operators in terms of Killing tensors in a Riemannian manifold can be found in [23] .
The geometry of Haantjes operators
As stated in Proposition 8, the Haantjes torsion H L of a field of operators L has a relevant geometrical meaning: its vanishing is a necessary condition for the eigen-distributions of L to be integrable. To clarify this point, first we need to recall that a reference frame is a set of n vector fields {Y 1 , . . . , Y n } such that, at each point x belonging to an open set U ⊆ M , they form a basis of the tangent space T x U . Two frames {X 1 , . . . , X n } and {Y 1 , . . . , Y n } are said to be equivalent if n nowhere vanishing smooth functions f i exist such that
A natural frame is the frame associated to a local chart {U, (x 1 , . . . , x n )} and denoted as
An integrable frame is a reference frame equivalent to a natural frame.
Proposition 17. [3]
A reference frame in a manifold M is an integrable frame if and only if it satisfies one the two equivalents conditions:
• each distribution generated by any two vector fields {Y i , Y j } is Frobenius integrable; • each distribution E i generated by all the vector fields except Y i is Frobenius integrable.
Definition 18. A field of operators L is said to be semisimple (or diagonalizable) if, in each open neighborhood U ⊆ M there exists a reference frame formed by (proper) eigenvector fields of L. This frame will be called an eigen-frame of L. Moreover, L is said to be simple if all of its eigenvalues are point-wise distinct,
An important question is to ascertain under which conditions eigen-frames of L are integrable, according to Definition 16.
Proposition 8 amounts to say that if an operator admits a local chart in which it takes a diagonal form, then its Haantjes torsion necessarily vanishes, therefore the natural frame associated is an eigen-frame that is (trivially) integrable. In 1955, Haantjes proved in [13] that the vanishing of the Haantjes torsion of a semisimple operator L is also a sufficient condition to ensure the integrability of each of its eigen-distributions (with constant rank) and the existence of local coordinate charts in which L takes a diagonal form. We call such coordinates Haantjes coordinates for L. Furthermore, he stated that the vanishing of the Haantjes torsion of an operator with real eigenvalues L is also a sufficient (but not necessary) condition to ensure the integrability of each of its generalized eigen-distributions (with constant rank). An equivalent statement of the above-mentioned results is that each Haantjes operator with real eigenvalues admits a generalized eigen-frame that is an integrable frame.
Let us denote with Spec(L) := {l 1 (x), l 2 (x), . . . , l s (x)} the set of the distinct eigenvalues of an operator L, which we shall always assume to be real in all the forthcoming considerations. Also, we denote with
the i-th generalized eigen-distribution, that is the distribution of all the generalized eigenvector fields corresponding to the eigenvalue l i (x). In eq. (31), ρ i stands for the Riesz index of l i , namely the minimum integer such that
Definition 19. A generalized eigen-frame of a field of operators L is a frame of generalized eigenvectors of L.
Theorem 20. [13] . Let L be a field of operators, and assume that the rank of each generalized eigen-distribution D i is independent of x ∈ M . The vanishing of the Haantjes torsion
is a sufficient condition to ensure the integrability of each generalized eigen-distribution
In addition, if L is semisimple, condition (33) is also necessary.
In the original paper by Haantjes, the proof of Theorem 20 is explicitly made only for the case of a semisimple operator. Below, within a different approach we present the proof for the more general case of an operator admitting generalized eigenvectors with arbitrary Riesz index.
Without loss of generality, we focus only on two eigenvalues of L, µ and ν, possibly coincident. Let us denote by X α , Y β two fields of generalized eigenvectors with indices α and β, corresponding to the eigenvalues µ = µ(x) and ν = ν(x), and belonging to a Jordan chain in D µ , D ν , respectively:
where X 0 and Y 0 are agreed to be null vector fields. Then, it holds true that
Evaluating the Nijenhuis torsion on such eigenvector fields, we get
The analogous relation for the Haantjes torsion is
Lemma 21. Let L be a field of operators and X α , Y β be two of its fields of generalized eigenvectors in D µ , belonging to possibly different Jordan chains. If
then their commutator satisfies the relation (40)
where min(· , · ) stands for the minimum of its arguments.
. By induction over (α + β), and applying the operator L − µI
to both members
In the case ρ µ = 1, the converse is also true.
Proof. Lemma 21 immediately implies that the Frobenius integrability condition for
is fulfilled. In particular, if ρ µ = 1, every µ-eigenvector of L is a proper eigenvector, and from eq. (38) one infers that
Lemma 23. Let L be a Haantjes operator. The commutator of two generalized eigenvector fields of L, with different eigenvalues µ, ν, fulfills the relation
to both members of (38) the assertion follows.
It is immediate to ascertain that the above Lemma implies
so that the following result holds Proposition 24. Let L be a Haantjes operator, and D µ , D ν be two eigen-distributions with Riesz indices ρ µ and ρ ν , respectively. Then, the distribution
The Haantjes Theorem 20 is a direct consequence of Propositions 22 and 24.
In [8] and [12] , the integrability of the eigen-distributions of a Nijenhuis operator with generalized eigenvectors of Riesz index 2 was proved. However, the case of Haantjes operators was not considered. On the other hand, to the best of our knowledge, the proofs of the Haantjes theorem available in the literature (see for instance [10] , [11] ) are based on the more restrictive assumption that the Haantjes operator be diagonalizable.
In the particular case of a Nijenhuis operator, we are able to prove new invariance properties of its eigenvalues. They generalize the results proved in [8, 12] for Nijenhuis operators with Riesz index equal to 2 to the case of an arbitrary Riesz index. By exploiting the identity (36), by induction over (α + β), we have proved the following identity
Consequently, the following result holds.
Proposition 25. Let N be a Nijenhuis operator. Each of its eigenvalues µ is constant along the flow of the generalized eigenvectors belonging to E µ , that is
Moreover,
Proof. If the torsion of N vanishes, the left side of (44) 
the distribution of rank (n − r i ) spanned by all of the generalized eigenvectors of L, except those associated with the eigenvalue l i . Such a distribution will be called a characteristic distribution of L. Let E
• i denote the annihilator of the distribution E i . Since L has real eigenvalues by hypothesis, the tangent and cotangent spaces of M can be locally decomposed as
Moreover, each characteristic distribution E i is integrable by virtue of Theorem 20. We shall denote by E i the foliation of E i and by E i (x) the connected leave through x belonging to E i . Thus, the set (E 1 , E 2 , . . . , E s ) generates as many foliations (E 1 , E 2 , . . . , E s ) as the number of distinct eigenvalues of L. This set of foliations will be referred to as the characteristic web of L and the leaves E i (x) of each foliation E i as the characteristic fibers of the web.
Definition 26. A collection of r i smooth functions will be said to be adapted to a foliation E i of the characteristic web of a Haantjes operator L if the level sets of such functions coincide with the characteristic fibers of the foliation.
Definition 27. A parametrization of the characteristic web of a Haantjes operator L is an ordered set of n independent smooth functions (f 1 , . . . , f n ) such that each ordered subset (f i1 , . . . , f ir ) is adapted to the i-th characteristic foliation of the web:
In this case, we shall say that the collection of functions is adapted to the web and that each of them is a characteristic function.
Lemma 28. The vanishing of the Haantjes torsion of L is sufficient to ensure that it admits an equivalence class of integrable generalized eigen-frames, where L takes a quasi-diagonal form. Furthermore, if L is semisimple it takes a diagonal form and the vanishing of its Haantjes torsion is also a necessary condition. In addition, if L is simple each eigen-frame is integrable.
Proof. Since each characteristic distribution E i is integrable by virtue of the Haantjes Theorem 20, in the corresponding annihilator E
• i one can find r i exact one-forms (dx i,1 , . . . , dx i,ri ) that provide functions (x i,1 , . . . , x i,ri ) adapted to the characteristic foliation E i . Collecting together all these functions, one can construct a set of n independent coordinates, that we rename (x 1 , . . . , x n ), adapted to the characteristic web.
Any natural frame ∂ ∂x 1 , . . . , ∂ ∂x n turns out to be a generalized eigen-frame. In fact, as
any generalized eigenvector W ∈ D i leaves invariant all the coordinate functions except at most the characteristic functions (
(hereafter the symbol <> denotes the C ∞ (M )-linear span of the considered vector fields) and each frame equivalent to
is an integrable eigen-frame of generalized eigenvector fields. Consequently, there exists an equivalence class of integrable frames and associated local charts where the operator L takes a blockdiagonal form due to the invariance of its eigen-distributions. Moreover, if L is semisimple, then its generalized eigen-frames are proper eigen-frames and the blockdiagonal form collapses into a diagonal one.
Conversely, if there exists a local chart where L takes a diagonal form, the corresponding natural frame is obviously an integrable one. Thus, due to Proposition 8 the Haantjes torsion of L vanishes. Finally, if L is simple each eigen-distribution has rank 1, thus each natural eigen-frame fulfills the conditions of Proposition 17.
Definition 29. Let M be a differentiable manifold and L be a Haantjes operator in M . A local chart {U, (x 1 , . . . , x n )} whose natural frame is a generalized eigen-frame for L will be called a Haantjes chart for L.
A Haantjes chart for L can also be computed by using the transposed operator L T . Let us denote with
ρi the i-th distribution of the generalized eigen 1-forms with eigenvalue l i (x), which fulfills the property
Such a property implies that each generalized eigenform of L T annihilates all generalized eigenvectors of L with different eigenvalues. Moreover, it allows to prove that Proposition 31. A function h on M is a characteristic function of a Haantjes operator associated with the eigenvalue l i if and only if, given a set of local coordinates adapted to the characteristic web (x 1 , . . . , x n ), h depends, at most, on the subset of coordinates (x i,1 , . . . , x i,ri ) that are constant over the leaves of the foliation E i .
Proof. If h = h(x i,1 , . . . , x i,ri ), it is constant on the leaves of E i , then dh ∈ E
• i . Viceversa, if we assume that dh ∈ E • i , then it can be expressed in terms of a linear combination (with function coefficients) of {dx i,1 , . . . , dx i,ri } only. The thesis follows from the exactness of dh.
In the special case of a Haantjes operator that is also a Nijenhuis operator, the search for its characteristic functions is simplified by the following Proposition 32. Let N be a Nijenhuis operator. Its (not constant) eigenvalues λ i are characteristic functions for the Haantjes web of N , as
In particular, the eigenvalues λ i with Riesz index ρ i = 1, satisfy
Proof. The invariance property (45) and the identity(54) implies (55). From Proposition 30 the thesis follows.
Remark 33. [12]
Let us suppose that a generic field of operators L admits a symmetry, i.e. a vector field X such that
In this case, the operator L will be called a recursion operator for X. Then, the eigenvalues of L as well are invariant along the flow of X and the corresponding generalized eigen-distributions are stable, i.e.
(58)
Haantjes algebras
In this section we define the new notion of Haantjes algebra.
Main Definition.
Definition 34. A Haantjes algebra of rank m is a pair (M, H ) which satisfies the following conditions:
• M is a differentiable manifold of dimension n;
• H is a set of Haantjes operators K i : T M → T M , that generates -a free module of rank m over the ring of smooth functions on M :
-a ring w.r.t. the composition operation (60) H
In addition, if
the algebra H will be said to be an Abelian Haantjes algebra. Moreover, if the identity operator I ∈ H , then H will be called a Haantjes algebra with identity.
We observe that the assumptions (59), (60) ensure that the set H generates an associative algebra of Haantjes operators. Besides, whenever K ∈ H , then
Let us consider the minimal polynomial of an operator
where l i (x) i = 1, . . . , s are the point-wise distinct eigenvalues of K. Then, the observations above imply the following Lemma 35. Let H be a Haantjes algebra of rank m. Then, if I ∈ H the degree r of the minimal polynomial of each K ∈ H is not greater than m; if I / ∈ H r ≤ (m + 1).
Lemma 36. Let H be a Haantjes algebra without identity. Then, every K ∈ H is not invertible. Remark 37. The class of ωH manifolds introduced and discussed in [22] is nothing but a family of symplectic manifolds of dimension 2n, endowed with an Abelian Haantjes algebra of rank m = n that fulfills an additional compatibility condition with ω.
The conditions of Definition 34 are apparently demanding and difficult to solve. However, a class of natural solutions is given, in a local chart {U, x = (x 1 , . . . , x n )}, by each operator of the form
The diagonal operators K have their Haantjes torsion vanishing and satisfy the differential compatibility condition (59) by virtue of Proposition 8. Moreover, they form a commutative ring, according to eqs. (60). In fact, such operators generate an algebraic structure that we name diagonal Haantjes algebra. In Section 4.3 we shall present another relevant class of Haantjes algebras, namely the cyclic algebras, generated by the powers of a Haantjes operator. Also, examples of non-diagonal Haantjes algebras will be shown in Section 5.
Characteristic Haantjes coordinates.
We shall present below some of our main results, concerning the existence of charts of coordinates in which an algebra of Haantjes operators takes a diagonal form in the semisimple case, and a blockdiagonal form in the non-semisimple one.
Definition 38. A Haantjes algebra (M, H ) is said to be semisimple if each operator K ∈ H is semisimple.
Let us recall that if the Haantjes algebra (M, H ) is Abelian, then there exist reference frames in which all K ∈ H are simultaneously diagonalized. A relevant problem is to ascertain whether one can find, among such common eigen-frames, integrable eigen-frames.
Theorem 39. Given a semisimple Abelian Haantjes algebra (M, H ), there exists a set of local coordinates in which every K ∈ H can be simultaneously diagonalized. Conversely, let {K 1 , . . . , K m } be a commuting set of m C ∞ (M )-linearly independent operators. If they share a set of local coordinates in which they take a diagonal form, then they generate a semisimple Abelian Haantjes algebra of rank m.
Proof. Let m be the rank of the Haantjes algebra H and {K 1 , . . . K m } one of its basis. Let us consider the operator K 1 . It is semisimple by assumption, therefore the Haantjes Theorem 20 assures that a local Haantjes chart {U, (x 1 , . . . , x n )} exists in which it takes the diagonal form (63). Such a chart is adapted to the decomposition of each tangent space by the eigen-spaces
associated to the spectrum Spec(K 1 ) := {l
2 (x), . . . , l
s1 (x)} of K 1 . Precisely, we have
where we have renamed the coordinates (x 1 , . . . , x n ) according to the decomposition (64). Now, let us consider the Haantjes operator K 2 which, by assumption, commutes with K 1 . Therefore, the eigen-distributions D i1 . In these submanifolds, the following properties hold true:
can be point-wise diagonalized; 
in which K 1 and K 2 take simultaneously a diagonal form. Obviously, each addend in the decomposition (67) is an integrable distribution being an intersection of integrable distributions. Moreover, each direct sum of two or more addends of (67) is also an integrable distribution, since it is generated by the constant vector fields of the natural frame associated to the chart (66).
Restricting K 3 to each addend of the decomposition (67) and applying again the previous reasoning one can construct a local chart in which K 1 , K 2 and K 3 take a diagonal form. Iterating this argument for K 4 , . . . , K m , one gets the decomposition
Let us denote by V a the nontrivial addends in the direct sum (68), by v their number (v ≤ n) and by r a their rank ( The converse statement follows from the fact that if {K 1 , . . . K m } is a set of operators that share local coordinates in which they all take a diagonal form, due to Proposition 8 they are all Haantjes operators and generate an Abelian Haantjes algebra. Indeed, the set of diagonal matrices is closed under C ∞ (M )-linear combinations and matrix products.
The first statement of Theorem 39 can be generalized to the case of non-semisimple Haantjes algebras. Precisely, in the following we shall prove the existence of a local chart where a non-semisimple operator takes a quasi-diagonal form. The converse statement does not seem to admit any straightforward generalization.
Proposition 40. Let (M, H ) be an Abelian Haantjes algebra of non-semisimple Haantjes operators. Then, there exists a set of local coordinates in which every K ∈ H can be simultaneously set in a quasi-diagonal form.
Proof. Since the proof is essentially based on the same arguments of Lemma 28 and Theorem 39, we will just sketch it. Consider a basis {K 1 , . . . , K m } of H . Due to the invariance of the addends of the decomposition (68) with respect to any K ∈ H , one can restrict all of these operators to a set of common integral leaves of their eigen-distributions, which decompose the tangent bundle into a direct sum. By virtue of the Haantjes theorem applied to the restricted operators, one infers the existence of a set of local coordinates, adapted to the previous decomposition, in which all the operators {K 1 , . . . , K m } acquire simultaneously a block-diagonal form.
Definition 41. Let (M, H ) be a Haantjes algebra. A local chart {U, (x 1 , . . . , x n )} whose natural frame is a generalized eigen-frame for each K ∈ H will be called a Haantjes chart for H .
Cyclic Haantjes algebras. An especially relevant class of Haantjes algebras is represented by those generated by a single Haantjes operator
that we shall call a cyclic Haantjes algebra. Its rank is equal to the degree of the minimal polynomial of L that is not greater than n, due to the Cayley-Hamilton theorem. A natural question is to establish when a given Haantjes algebra can be generated by a single Haantjes operator, giving rise to a cyclic Haantjes algebra. To investigate this problem, the following definition will be useful.
Definition 42. Let (M, H ) be a Haantjes algebra with identity, of rank m. An operator L having its minimal polynomial of degree m will be called a cyclic
will be called a cyclic basis of H .
A cyclic basis allows us to represent each Haantjes operator K ∈ H as a polynomial field in L of degree at most (m-1), i.e.
where a k (x) are smooth functions in M . Let us consider the following proposition that holds for each semisimple field of operators with real eigenvalues.
Proposition 43. Let L be a semisimple operator with m eigenvalues {λ 1 (x), . . . , λ m (x)} point-wise distinct, and K be another field of operators possessing s point-wise distinct eigenvalues, with s ≤ m. The following conditions are equivalent:
• K belongs to the cyclic algebra of rank m generated by L, i.e.
• there exists a polynomial field p K (x, λ) in λ of degree at most m − 1 such that
where it is understood that the eigenvalues {l 1 (x), . . . , l m (x)} of K might not be all distinct.
Proof. The equivalence between (73) and (74) is due to the fact that the minimal polynomial of L is
Condition (74) implies (75) as every eigen-vector field X of L belonging to C λi , is also an eigenvector field of K with eigenvalue
Viceversa, if condition (75) is fulfilled, it suffices to show that there exist a field of polynomials p K (x, λ), λ ∈ R, such that K and p K (x, L) agree on a basis adapted to the decomposition
To this aim, we must solve the following system
The equations (76) can be solved by means of the m Lagrange interpolation polynomials of degree (m − 1)
which yield the expressions
Therefore,
where B int = {π 1 (L), . . . , π m (L)} will be said to be a Lagrange interpolation basis of L(L).
Corollary 44. If one of the equivalent conditions of Proposition 43 is satisfied and L is a Haantjes operator, then the operator K is also a Haantjes operator which commutes with L. In addition, every eigen-basis of L is also an eigen-basis for K. Therefore,
where C j denotes an integral leaf of the eigen-distribution C λj of L.
Thus, given a semisimple Haantjes operator K with s point-wise distinct eigenvalues {l 1 (x), . . . , l s (x)}, one can always construct another Haantjes operator L fulfilling the condition (74), by considering a finer (or at least no coarser) decomposition than the spectral decomposition of K
according to which
being P i the projection operator onto D li . By way of an example, one can consider the further decomposition
where π i,ji are projection operators onto the subalgebras C i,ji , and λ i,ji are arbitrarily chosen (but point-wise distinct) functions, numbered with respect to the finer decomposition (79) of T x M , which will play the role of eigenvalues of L. Consequently, we have
As a consequence of the Proposition 43 we have the following result. To conclude this discussion, we observe that in the case v > m, no cyclic operator exists for a Haantjes algebra H of rank m. However, it is possible to immerse H into a larger Haantjes algebra, of rank equal to v, by adding (v − m) suitable diagonal operators not belonging to H , independent among each others. Thus, such an enlarged algebra admits a cyclic generator according to Proposition (45) (for an example of this procedure, see e.g. Section 5.1).
Cyclic-type Haantjes operators, triangular and Jordan: Examples
We shall present here some examples illustrating several interesting aspects of the Haantjes geometry previously discussed.
In the first example, as an application of the main theorems, we develop the procedure of constructing a Haantjes chart for a semisimple Haantjes algebra of rank 2. Also, a cyclic generator for a suitably enlarged algebra is constructed.
Instead, the second and third examples deal with non-semisimple Haantjes algebras. In this context, an important open problem is to establish, if possible, the normal form of non-semisimple Haantjes operators that admit a local reference frame in which they could take a triangular form. In order to illustrate the different possibilities that may arise, we propose two paradigmatic case studies. In fact, the second example consists of a Haantjes operator assuming in a local chart a triangular but not Jordan-type form. The third one admits local charts in which it takes more specifically a Jordan-type form.
5.1. Construction of a Haantjes chart. Let us consider the affine 3D space A 3 , with a cartesian coordinates system {O; (x, y, z)} and the two operators
that generate an Abelian Haantjes algebra of rank 2. Let us note that K 2 is a special case of the inertia tensor (23), for of a single point P γ ≡ O of unitary mass, and n = 3. The spectra of K 1 and K 2 are
and their eigen-distributions
Haantjes charts can be constructed finding coordinates adapted to the decomposition (68). To this aim, we observe that
so that the tangent spaces are decomposed by three addends as
A set of local coordinates adapted to such decompositions is given (for x = 0) by the functions
Such coordinates are related to spherical coordinates (ρ, ϕ, θ) in A 3 as
They are characteristic functions of the spherical web whose fibers are the three foliations generated by:
• Z 1 ⊕ Z 4 , half-planes issued from the z axis;
• Z 2 ⊕ Z 4 , spheres centered in O;
• Z 1 ⊕ Z 2 one-folded circular cones with axis z and vertex O. In these coordinates, the Haantjes operators K 1 and K 2 take the diagonal form
The Haantjes algebra H , whose basis is {K 1 , K 2 }, is not a cyclic algebra according to Definition 42, as the identity operator does not belong to H . Indeed, its spectral decomposition (85) does not fulfill the assumption of Proposition 45 as v = 3 > m = 2. Moreover, coherently with Lemma 36, each element of H is not invertible. However, if we extend the algebra simply by adding the identity operator I, we shall get a cyclic Haantjes algebra of rank three. For instance, a cyclic generator with three distinct eigenvalues, for the extended algebra of rank 3, is given by
and
Thus, H turns out to be a Haantjes subalgebra (but not a cyclic one) of the enlarged cyclic Haantjes algebra whose basis is
The eigenvalues of L have been chosen in such a way that L in the original cartesian coordinates (x, y, z) takes a rational simple form, precisely
Let us note that cyclic Nijenhuis generators of the cyclic Haantjes algebra with basis (88) do exist as well, for instance
However, although its form is again a rational one in the original cartesian coordinates, it turns out to be much more complicated than the form of L. In fact, the numerators of its components are polynomials up to degree 9.
5.2.
A triangular but not Jordan-type operator. We will show an example of a non-semisimple Haantjes operator, which does not admit local charts where it assumes a Jordan form, nor a generalized Jordan form. However it admits, by its own, a local chart where it takes a triangular form. Let us consider the affine 4D space A 4 , the cartesian coordinates (x 1 , x 2 , x 3 , x 4 ) and the Haantjes operator
Such operator appears in [15] , in connection with the theory of hydrodynamic-type systems. The spectrum of K is given by one eigenvalue
with a proper one-dimensional eigen-distribution
and a four-dimensional generalized eigen-distribution of Riesz index 4
Now, we search for a coordinates transformation Φ :
, such that (q 1 , q 2 , q 3 , q 4 ) be a local chart in which the Haantjes operator K takes the classical Jordan form.
This request leads to a system of PDE for the functions (φ 1 , φ 2 , φ 3 , φ 4 ) that admits only the solution
where c 2 , c 3 , c 4 are arbitrary constant. Thus, we can conclude that a local chart in which K takes a classical Jordan form does not exist. Furthermore, an analogous result can be obtained if one searches for a local chart in which K assumes a generalized Jordan form, that is a form of the type
where f, g, h are arbitrary smooth functions on A 4 .
Jordan form.
We present an example of a non-semisimple operator that admits local charts in which it takes a Jordan-type form. Let us consider the affine 4D space A 4 , the cartesian coordinates (x 1 , x 2 , x 3 , x 4 ) and the Haantjes operator
The spectrum of K is given by one eigenvalue Spec(K) = {l = 6x 4 } with a proper two-dimensional eigen-distribution 
with f 1 = 3 x 3 , f 2 = 1. Such a particular frame satisfies also the property to be integrable according to Proposition 17,  
A comparison with other algebraic structures: Haantjes manifolds and Killing-Stäckel algebras
It is interesting to compare our definition of Haantjes algebras over a differentiable manifold proposed in Section 5 with the notion of Haantjes manifolds recently introduced by Magri [17] . The main difference between the two constructions resides on the distinct degree of generality of them, which obviously reflects the variety of our motivations.
In our construction, we are mainly concerned with the abstract, more general theory of commuting Haantjes operators defining an Haantjes algebra, without any reference to additional geometric structures like exacts 1-forms or symmetry vector fields, that in Magri's theory are essential to construct Lenard complexes of commuting vector fields or exact 1-forms [18, 19] .
In other words, although Magri's Haantjes manifolds possess a richer axiomatic structure than our Haantjes algebras, we prefer to choose a minimal number of requirements in order to have a flexible structure, which in a subsequent step can be made more suitable for the study of specific problems, as separation of variables in the context of integrability or Riemannian geometry. To this aim, we postpone the introduction of additional geometric structures (as Magri-Haantjes chains of exact 1-forms, symplectic forms [22] , Poisson bivectors [24] or Riemannian metrics [23] ) to a further stage of the theory.
The notion of Killing-Stäckel algebra in an n-dimensional Riemannian manifold, due to Benenti et al. [3] , can be naturally interpreted in terms of Haantjes algebras of rank n. In order to compare the two notions, it is useful to observe that the cyclic generator (87) enjoys a special property: In fact, its controvariant form is a Killing two-tensor with respect to the Euclidean metric of the affine space A 3 . So, we shall call it a Killing-Haantjes cyclic generator; it can be identified with a characteristic tensor (CKT) of the Killing-Stäckel algebra (88). Thus, the theory of Haantjes cyclic algebras over a Riemannian manifold makes contact with the theory of Killing-Stäckel algebras, which offers a geometrical setting for the classical theory of separation of variables for Hamiltonian systems going back to Eisenhart, Stäckel, Jacobi, etc. The main difference between the two algebraic structures is that Killing-Stäckel algebras are vector spaces of Killing two-tensors, closed w.r.t. linear combinations with real constant coefficients. By contrast, Haantjes algebras are modules of Haantjes operators, closed w.r.t. linear combinations with (smooth) functions.
At the same time, it is interesting to notice that, starting from a KillingHaantjes cyclic generator, one can choose suitable functions to generate other Killing-Haantjes two-tensors, that is, elements of Killing-Stäckel algebras. The conditions which such functions must obey are under investigation.
To conclude the comparison among these geometric structures, we can distinguish three different scenarios.
i) When dealing with Killing-Stäckel algebras, we are realizing a specific Haantjes algebra with constant coefficients, which typically does not possess a cyclic Killing-Haantjes generator. In fact, although a CKT does exist, it is not a cyclic generator, since to reconstruct the full algebra one would need to combine the powers of the CKT with suitable functions. Instead, in Killing-Stäckel algebras only linear combinations with constant coefficient are allowed (by definition).
ii) Let us then consider a generalization of the Killing-Stäckel algebra, obtained combining the powers of the CKT by means of functions. In this case one obtains a larger algebra, which is a full cyclic Haantjes algebra, defined over the ring of smooth functions.
iii) The most general case is that of Haantjes algebras that do not come from Killing tensors.
